In this paper a computational technique is presented for the numerical solution of a certain potential-type singular Fredholm integral equation of the first kind with singular unknown density function, and a weakly singular logarithmic kernel. This equation is equivalent to the solution of the Dirichlet boundary value problem for Laplace equation for an open contour in the plane. The parameterization of the open contour facilitates the treatment of the density function's singularity in the neighborhood of the end-points of the contour, and the kernel's singularity. The unknown density function is replaced by a product of two functions; the first explicitly expresses the bad behavior of the density function, while the second is a regular unknown function, which will be interpolated using Newton interpolation in a matrix form. The singularity of the parameterized kernel is treated by expanding the two argument parametric functions into Taylor polynomial of the first degree about the singular parameter. Moreover, two asymptote formulas are used for the approximation of the kernel. In addition, an adaptive Gauss-Legendre formula, is applied for the computations of the obtained convergent integrals. Thus the required numerical solution is found to be equivalent to the solution of a system of algebraic equations. The numerical solution of the illustrated example is closer to the exact solution; which ensures the high accuracy of the presented computational technique.
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This paper is devoted to establish a computational technique for the numerical solution of a certain potential-type Fredholm integral equation of the first kind, whose unknown function (density) is singular in the neighborhood of the integration domain, and has a weakly singular kernel.
In section 2, the reformulating of the Dirichlet problem for the Laplace equation of a mass distribution on an open contour in the plane is given. The equivalent potential-type Fredholm integral equation of the first kind is derived. In particular, Eq.
(2) of section 2, arises in the fields of electron-optics, potential theory, and electromagnetism [1, 2] in the case of the replacement of a harmonic function by single-layer potentials. The finite energy condition, and the condition that the potential function tends to a constant at infinity are also imposed for the stability of the solution of the Dirichlet problem.
It should be noted that many methods [3] [4] [5] [6] [7] [8] [9] [10] [11] have been published for the solution of such equation, while the goal of the presented paper is to give an innovative approach for the numerical solution of this potential-type in the case of an open contour in the plane, in such a manner that the singularities of the density function disappear upon interpolating it via Newton Interpolation in matrix forms.
Actually, the approximation of the density function is based on replacing it by a product of two functions, the first is "badly behaved"; since it explicitly represents the singularity of the original singular density functions, while the second is a regular unknown function. The regular unknown function is approximated by Newton interpolating polynomial of degree n . Furthermore, the parameterization of the open contour facilitates the analytical treatment of the weak singularity of the kernel. The two argument parametric equations of the parameterized kernel are expanded into Taylor polynomial of the first degree about the singular parameter. Thus the singularities of the equation are entirely isolated. Consequently, the given data function is also expressed in Newton interpolant polynomial of the same degree n . In addition, an adaptive Gauss-Legendre formula is then applied for the computation of the obtained convergent integrals. Thus the required singular density function is found by solving a system of algebraic equations that minimizes the amount of calculations, and gives excellent results. 
are the end-points of  , and
is the given potential on both sides of  . In addition to the above mentioned conditions, it is provided that
c is a constant to ensure the stability of the solution, 
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Consider the integral equation:
is a simple open contour, that satisfies the Hölder condition
where   d x , y denotes the distance between the two points on  ,   x  is the undetermined singular density function which is defined on  , and
 is the known given potential function. However,  is parameterized to get the 2-parametric equations that represents the point Interpolating   u  in Newton interpolant polynomial of degree n in a matrix form, we get
is the row matrix of order   11 n , whose entries u i are the undetermined Newton's coefficients, and the matrix X is the column matrix of order   11 n  such that 
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A computational technique has been investigated for the numerical solution of a certain potential-type Fredholm integral equation of the first kind with a singular unknown (density) function at the end-points of the integration domain, and has a weakly singular logarithmic kernel. The presented technique is based on Newton interpolation in a matrix form, and the analytical treatment of the singularities without changing of the variables. The singularity of the unknown function was treated by considering it as a product of two functions. The first was given in a closed form that expresses its singular behavior, while the second, which is a regular function, was interpolated using Newton interpolation in a matrix form. The singularity of the kernel was treated analytically by expanding the two argument parametric functions of the parameterized kernel via Taylor polynomial of the first degree about the singular parameter. Furthermore, an adaptive Gauss-Legendre formula was applied, and matrix algebra was utilized, in such a manner that the unknown density function was found by solving a linear system of algebraic equations. The given numerical example has demonstrated the high accuracy of the presented technique.
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